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Abstract
Assuming the Majorana masses of νe and the linear combination cντ − sνµ to
be equal from their couplings to a heavy scalar triplet ξ, I show that their radiative
splitting is given by ∆m2/m2ν = (3c
2/4pi2)(GF /
√
2)m2τ ln(m
2
ξ/m
2
W ). This is applicable
to the small-angle matter-enhanced oscillation solution of the solar neutrino deficit and
restricts mν to be between 0.20 and 0.36 eV if c
2 = 0.7 and mξ = 10
14 GeV.
The existence of a small (and presumably Majorana) mass for each neutrino is now
considered a near certainty, given the recent experimental evidence of neutrino oscillations
in atmospheric [1], solar [2], and accelerator [3] data. However, since the above experiments
only measure the differences of the squares of the neutrino masses, the absolute magnitude
of each mass is undetermined. In direct measurements of the electron-neutrino mass mνe ,
the best published upper limit at present is 4.35 eV [4]. In neutrinoless double beta decay,
where only the effective mass
〈mνe〉 = |Σ U2eimνi | (1)
is measured, the best published upper limit at present is 0.46 eV [5]. However, this has
recently been reduced to 0.2 eV [6], and further significant improvement to much lower values
is possible in the future [7]. If neutrino masses are hierarchical (mν1 << mν2 << mν3), then
〈mνe〉 is already constrained to be unobservably small [8] from the present data on neutrino
oscillations. In this note, I will consider instead the case of νe almost degenerate in mass
with a linear combination of νµ and ντ , and obtain the interesting prediction that
0.20 eV < mνe ≃ 〈mνe〉 < 0.36 eV. (2)
The idea of three nearly mass-degenerate neutrinos has received a lot of attention in
the recent literature [9] and is being pursued actively at present [10]. The first task is to
identify the mass-generating mechanism which is often assumed to be seesaw [11]. In that
case, without any further input, the mass splitting of the three neutrinos is due to two-loop
double W exchange [12] and is suitable [13] for vacuum solar neutrino oscillations. On the
other hand, if the alternative mass-generating mechanism [14] of a heavy scalar triplet [15]
is used, the mass splitting occurs in one loop, and a particular choice of charged-lepton
eigenstates results in a simple formula [16] relating atmospheric and vacuum solar neutrino
oscillations. Both of the above two specific scenarios [13, 16] have in common the assumption
that 〈mνe〉 is negligibly small. Hence they would not be consistent with any experimental
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evidence of a nonzero 〈mνe〉 in the near future. However, a different choice of charged-lepton
eigenstates is possible and would correspond to the small-angle matter-enhanced oscillation
solution [17] of the solar neutrino deficit, resulting in Eq. (2) for ∆m2 ≃ (3− 10)× 10−6 eV2
[18], as shown below.
The minimal standard model (without right-handed singlet neutrinos) is simply extended
to include a heavy scalar triplet ξ = (ξ++, ξ+, ξ0) with m2ξ >> m
2
W , to provide the three
neutrinos νe, νµ, ντ with small Majorana masses [15]. Assume the existence of an SO(2)
symmetry such that two of the lepton doublets have equal Yukawa couplings to ξ. The
relevant terms in the interaction Lagrangian are then given by
Lint = −ξ0[f0(ν1ν1 + ν2ν2) + f3ν3ν3]− µξ¯0φ0φ0 + h.c., (3)
where Φ = (φ+, φ0) is the usual Higgs doublet of the standard model. The field ξ0 acquires
a naturally small vacuum expectation value [15] u ≃ µ〈φ0〉2/m2ξ and the 3 × 3 Majorana
neutrino mass matrix is of the form
Mν =


m0 0 0
0 m0 0
0 0 m3

 , (4)
where m0 = 2f0u and m3 = 2f3u.
The neutrinos must now be identified with their charged-lepton partners. The crucial
assumption here is that ν1 is mostly, but not entirely νe. Consider first
ν1 = νe, ν2 = cντ − sνµ, ν3 = cνµ + sντ , (5)
where s ≡ sin θ and c ≡ cos θ. This construction is made to accommodate the atmospheric
data [1] as νµ − ντ oscillations with sin2 2θ = 4s2c2 and ∆m2 = m20 − m23. To explain the
solar data, the two-fold degeneracy of the ν1 − ν2 sector is seen to be broken radiatively in
one loop. There are two effects. One is a finite correction to the mass matrix, as shown in
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Figure 1. The other is a renormalization of the coupling matrix [19] from the shift in mass
scale from mξ to mW . As expected, the dominant contribution comes from the τ Yukawa
coupling. The two contributions are naturally of the same texture and are easily calculated
to be 4I/3 and −I/3 respectively, where
I =
3GFm
2
τ
16pi2
√
2
ln
m2ξ
m2W
. (6)
The mass matrix Mν is now corrected to read
Mν =


m0 0 0
0 m0(1 + 2c
2I) −sc(m0 +m3)I
0 −sc(m0 +m3)I m3(1 + 2s2I)

 . (7)
Hence
(∆m2)12
m20
= 4c2I =
3c2GFm
2
τ
4pi2
√
2
ln
m2ξ
m2W
. (8)
Consider next a small correction to Eq. (5), i.e.
ν1 = νe cos θ
′ − (cντ − sνµ) sin θ′, (9)
ν2 = νe sin θ
′ + (cντ − sνµ) cos θ′, (10)
then the solar neutrino data may be explained [18] with sin2 2θ′ ≃ (2 − 10) × 10−3 and
(∆m2)12 ≃ (3 − 10) × 10−6 eV2. Note that ν2 is indeed heavier than ν1, as is required
for matter enhancement [17] of neutrino oscillations in the sun. Using c2 = 0.7 so that
sin2 2θ = 0.84 for atmospheric neutrino oscillations and mξ = 10
14 GeV, Eq. (8) then yields
Eq. (2). Note that a lower value of mξ or c
2 would increase mνe(≃ m0), making it even worse
for a potential conflict with experiment [6].
In conclusion, I have presented in this note a simple model of neutrino masses, using a
heavy scalar triplet instead of the canonical seesaw mechanism. Assuming equal Majorana
masses for νe and a linear combination of νµ and ντ , I have shown that their radiative splitting
is given by Eq. (8). Using the allowed range of (∆m2)12 values for the small-angle matter-
enhanced oscillation solution of the solar neutrino deficit, I obtain 0.20 eV < mνe ≃ 〈mνe〉 <
4
0.36 eV. Given the most recently reported upper limit of 0.2 eV (where the experimental
sensitivity is 0.38 eV at 90% C.L.), this prediction is tantalizingly close to being ruled out
(or confirmed), and is certainly within reach of future experiments.
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Fig. 1. One-loop radiative breaking of neutrino mass degeneracy.
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